Abstract. We study the∂-equation in complete Kähler manifolds. The aim is to get L r and Sobolev estimates on solutions with compact support. We prove and use estimates on solutions on Poisson equation with compact support and the link with∂ equation is done by a classical theorem stating that the Hodge laplacian is twice the∂ (or Kohn) Laplacian in a Kähler manifold.
The case of smooth solutions with compact support goes to the work of Andreotti and Grauert [Andreotti and Grauert, 1962] . Our aim here is to study the same problem but with L r estimates, as we did in [Amar, 2012] , but in a kählerian manifold.
The method is completely different: we first study L r solutions with compact support for the Poisson equation in a riemannian manifold and we use the link done by the following classical theorem relying the Hodge laplacian and the∂ (or Kohn) laplacian. See for instance C. Voisin's book [Voisin, 2002] . Theorem 1.1. Let (X, κ) be a kählerian manifold. Let ∆, ∆ ∂ , ∆∂ the laplacians associated to d, ∂,∂ respectively. Then we have the relations: ∆ = 2∆ ∂ = 2∆∂.
We have to define the Sobolev spaces in our setting, following E. Hebey [Hebey, 1996] , p. 10. If k ∈ N and r ≥ 1 are given, we denote by C r k (M) the space of smooth functions u ∈ C ∞ (M) such that ∇ j u ∈ L r (M) for j = 0, ..., k, where ∇ is the covariant derivative associated to the Levi-Civita connexion on (M, g). Now we set:
and we have [Hebey, 1996] Definition 1.2. The Sobolev space W k,r (M) is the completion of C r k (M) with respect to the norm:
.
We extend in a natural way this definition to W k,r p (M) for the case of p forms.
This work is presented the following way.
• In Section 2 we start with the Hodge laplacian on a riemannian manifold and we recall results we get in [Amar, 2018] concerning the Poisson equation.
• In Section 3 we study the solutions of the Poisson equation with compact support and we prove, using weighted estimates: Theorem 1.3. Let X be a complete oriented riemannian manifold. Let Ω be a relatively compact domain in X. Let ω ∈ L r p (Ω) with compact support in Ω and such that ω is orthogonal to the harmonic p-forms H p (Ω). Then there is a p-form u ∈ W 2,r p (Ω) with compact support in Ω such that ∆u = ω as distributions and u W 2,r p (Ω) ≤ C ω L r p (Ω) .
• In Section 4 we shall apply what precedes to study solutions with compact support of the∂-equation. First we recall our Andreotti-Grauert type Theorem [Amar, 2012] , in Theorem 4.2 here, and we shall use it to improve its estimates in the next section. Extension of this result to Dolbeault cohomology were done by C. Laurent-Thiébaut [Laurent-Thiébaut, 2015] .
• In Section 5, using equality of the laplacians, we prove, in the kählerian compact case: Theorem 1.4. Let (X, κ) be a compact kählerian manifold without boundary. Let ω ∈ L r p,q (X),∂ω = 0. A necessary and sufficient condition to have the existence of a u such that∂u = ω in X as distributions is that ω be orthogonal to the Kohn harmonic (p, q)-forms, H∂ (p,q) (X).
If ω ⊥ H∂ (p,q) (X), then there is a u ∈ W 1,r
Then in the complete case, but with compactly supported forms, we prove: Theorem 1.5. Let (X, ω) be a complete kählerian manifold. Let Ω be a relatively compact domain in X. Let ω ∈ L r p,q (Ω),∂ω = 0 in Ω and ω compactly supported in Ω. Suppose moreover that ω ⊥ H∂ p,q (Ω).
Then there is a u ∈ W 1,r p,q−1 (Ω) with compact support in Ω and such that∂u = ω. Comparing with our previous result, recalled in Theorem 4.2, we get a better regularity, u ∈ W 1,r p,q−1 (Ω) instead of u ∈ L r p,q−1 (Ω). But the price is that ω needs to be orthogonal to H∂ p,q (Ω). Nevertheless, in the special case of (p, 1)-forms, we can get rid of the hypothesis ω ⊥ H∂ p,1 (Ω).
,∂ω = 0 with compact support in the relatively compact pseudoconvex domain Ω.
Then there is a u ∈ W 1,r p,0 (C n ) with compact support in Ω and such that∂u = ω.
• Finally in the Appendix 6 we prove certainly known results on the duality L r − L r ′ for (p, q)-forms in a complex manifold we needed.
A lecture on this work was given in the "Jounées complexes du Nord", on the 22nd-23rd October, 2018 in Lille, France.
Hodge laplacian on riemannian manifolds.
A riemannian manifold (M, g) is a real, smooth manifold M equipped with an inner product g x on the tangent space T x M at each point x that varies smoothly from point to point in the sense that if X and Y are differentiable vector fields on M, then x → g x (X(x), Y (x)) is a smooth function. The family g x of inner products is called a riemannian metric.
Let X be a complete oriented riemannian manifold and Ω a relatively compact domain in X. We shall denote by Λ p (Ω) the set of C ∞ smooth p-forms in Ω and by L r p (Ω) its closure in the Lebesgue space L r (Ω) with respect to the riemannian volume measure dm on X. We shall take the following notation from the book by C. Voisin [Voisin, 2002] . To a p-form α on Ω we associate its Hodge * (n − p)-form * α. This gives us a pointwise scalar product and a pointwise modulus:
because α ∧ * β is a n-form hence is a function time the volume form dm.
With the volume measure, we have a scalar product α, β on p-forms such that
The link between these notions is given by [Voisin, 2002, Lemme 5.8, p. 119] :
We shall define now L r p (Ω) to be the set of p−forms α defined on Ω such that α
where |α| is defined by (2.1). As usual let D p (Ω) be the set of C ∞ p-forms with compact support in Ω. On the manifold M we have the exterior derivative d on p-forms. To it we associate its formal adjoint d
* u, ϕ := u, dϕ . Now we define the Hodge laplacian to be ∆ := dd * + d * d. This operator sends p-form to p-form and is essentially self-adjoint. In case p = 0, i.e. on functions, ∆ is the usual Laplace-Beltrami operator on M.
We proved the following theorem [Amar, 2018, Theorem 1.1], written here in the special case of the Hodge laplacian: Theorem 2.1. Let (M, g) be a C ∞ smooth compact riemannian manifold without boundary. Let ∆ : Λ p → Λ p be the Hodge laplacian acting on the p-forms
We also proved the following theorem [Amar, 2018, Theorem 4.3, p. 14] , still as a consequence of the Local Increasing Regularity Method. Theorem 2.2. Let N be a smooth compact riemannian manifold with smooth boundary ∂N. Let D : G → G be an elliptic linear differential operator of order m with C 1 coefficients acting on sections of a vector bundle
, provided that the operator D has the WMP for the D-harmonic G-forms.
Taking here G := Λ p (N) the set of p-forms on N, and D := ∆ the Hodge laplacian, we have that ∆ verifies the Unique Continuation Property by a difficult result by N. Aronszajn, A. Krzywicki and J. Szarski [Aronszajn et al., 1962] hence it has the WMP too.
So we get in this special case: Theorem 2.3. Let N be a smooth compact riemannian manifold with smooth boundary ∂N. Let ∆ be the Hodge Laplacian acting on p-forms
This Theorem has the easy corollary: Corollary 2.4. Let X be a complete smooth riemannian manifold without boundary.
Proof. PutΩ in a compact sub manifold N of X with a smooth boundary. Extend ω by 0 outside Ω, then this extensionω is still in L r p (N). We can apply Theorem 2.3 to get a p-formũ ∈ W 2,r p (N) such that ∆ũ =ω. Now we let u to be the restriction ofũ to Ω. This ends the proof of the corollary. Remark 2.5. In the case where Ω is a bounded domain in R n , to get this solution we just have to use the Newton kernel on ω and apply [Gilbarg and Trudinger, 1998, Theorem 9.9, p. 230] .
In the riemannian case we have to add a difficult result by N. Aronszajn, A. Krzywicki and J. Szarski [Aronszajn et al., 1962 ] to get the UCP.
Solution of the Poisson equation with compact support.
Firts we shall study a duality between currents inspired by the Serre duality [Serre, 1955] .
Let X be an oriented riemannian manifold of dimension n. It has a volume form dm and we denote also by dm the associated volume measure on X. We shall denote by r ′ the conjugate exponent of r ∈ (1, ∞),
The proof is complete.
Let H p (Ω) be the set of all p harmonic forms, i.e. h ∈ H p (Ω) ⇐⇒ ∆h = 0 in Ω. In order to simplify notation, we note the pairing for α a p-form and β a (n − p)-form by:
With this notation we also have α, β =≪ α, * β ≫ . Lemma 3.2. We have ∆( * u) = * ∆u. And ≪ ∆α, β ≫=≪ α, ∆β ≫ provided that α or β has compact support. Moreover we have
. with the suitable notion of orthogonality: 
We also have by [Voisin, 2002, Lemme 5.5, p. 117] :
The same way we get dd * ( * ϕ) = * d * dϕ. Because the laplacian is real the bar gets out. Now suppose that α has compact support we have:
≪ ∆α, β ≫= ∆α, * β = α, ∆( * β) = α, * ∆β =≪ α, ∆β ≫, the second equality because ∆ is essentially self-adjoint and the third one by the first part of this lemma.
For the "moreover", we have
because the first part of the lemma gives:
and the same for the converse, starting with h ∈ H r ′ n−p (Ω) and ≪ ω, h ≫= 0 we get ω, * h = 0. The proof is complete.
. By Corollary 2.4 we get:
where ϕ is a solution in Ω of (3.3). Then L is well defined and linear on L r ′ n−p (Ω, η).
Proof.
In order for L(α) to be well defined, we need that if ϕ ′ is another solution of ∆ϕ ′ = α, then ≪ ϕ − ϕ ′ , ω ≫= 0; hence we need that ω must be "orthogonal" to (n − p)-forms ϕ such that ∆ϕ = 0 in Ω, which is contained in our assumption.
Hence we have that L(α) is well defined.
The
The same for λα. The proof is complete.
By the Hölder inequalities done in Lemma 6.1 we get, because ω has its support in
. So let ψ be such that ∆ψ = α in Ω 1 and with
. This is possible by Corollary 2.4,Ω 1 being compact. Then, because
So we have that the norm of L is bounded on L
This means, by the definition of currents, that there is a p current u which represents the form L: L(α) =≪ α, u ≫ . So if α := ∆ϕ with ϕ ∈ C ∞ with compact support in Ω, we get ≪ ϕ, ω ≫= L(α) =≪ α, u ≫=≪ ∆ϕ, u ≫ . Now we use Lemma 3.2 to get ≪ ϕ, ω ≫=≪ ϕ, ∆u ≫ and we have ∆u = ω in the sense of distributions.
Moreover we have sup
and by Lemma 3.1 with the weight η, this implies
Now we are in position to prove: Theorem 3.5. Let X be a complete oriented riemannian manifold. Let Ω be a relatively compact domain in X and
) be the solution given by Proposition 3.4, then
. Replacing η by its value we get
. Because C and the norm of ω are independent of ǫ, we have that u ǫ L r (Ω) is uniformly bounded and r > 1 implies that L r p (Ω) is a dual by Lemma 6.3, hence there is a sub-sequence {u ǫ k } k∈N of {u ǫ } which converges weakly to a p-form u in
To see that this form u is 0 a.e. on Ω\Ω 1 let us write the weak convergence:
As usual take α := u |u| 1 E where E := {|u| > 0} ∩ (Ω\Ω 1 ) then we get
Now we have by Hölder inequalities:
Hence we get that the form u is 0 a.e. on Ω\Ω 1 . So we proved
hence again by use of Lemma 3.2 we get ∆u = ω in the sense of distributions. We get automatically better estimates. Corollary 3.6. Let X be a complete oriented riemannian manifold. Let Ω be a relatively compact domain in X and Ω 1 ⋐ Ω. Let ω ∈ L r p (Ω 1 ) with compact support in Ω 1 and such that ω ⊥ H n−p (Ω 1 ). Then there is a p-form u ∈ W 2,r p (Ω) with compact support in Ω 1 such that ∆u = ω as distributions and u W 2,r
We can apply Theorem 3.5 so we have a p-form u ∈ L r p (Ω) with compact support in Ω 1 such that ∆u = ω as distributions. Now putΩ in a compact riemannian manifold M without boundary. Because the solution u given by Theorem 3.5 is zero in Ω\Ω 1 , we take a function χ ∈ D(Ω) such that χ = 1 in Ω 1 and we setũ := χu in M. Then we get easily that ∆(ũ) = ω in M because ∂ β χ = 0 in Ω 1 and outside Ω for any β, |β| ≤ 2.
The fundamental elliptic inequalities valid in the boundary-less compact riemannian manifold M give:
The proof is complete. Remark 3.7. The condition of orthogonality to H p (Ω 1 ) is necessary: suppose there is a p-current u ∈ W 2,r p (Ω) such that ∆u = ω and u with compact support in Ω, then if h ∈ H n−p (Ω), we have h ∈ H n−p (Ω), ≪ ω, h ≫=≪ ∆u, h ≫=≪ u, ∆h ≫= 0, because u is compactly supported.
Application to the∂-equation.
4.1. An Andreotti-Grauert type theorem. Definition 4.1. Let X be a complex manifold equipped with a Borel σ-finite measure dm and Ω a domain in X. Let r ∈ [1, ∞]; we shall say that Ω is r regular if there is a constant
We shall say that Ω is weakly r regular if for any compact set K ⋐ Ω there are 3 open sets
I.e. we have a 3 steps chain of resolution.
Of course the r regularity implies the weak r regularity, just taking Ω 1 = Ω 2 = Ω 3 = Ω. An example of r regular domain is a bounded strictly pseudo-convex domain in C n . An example of a weakly r regular domain is a bounded pseudo-convex domain in C n . We shall note r ′ the conjugate exponent of r, i.e. We proved in [Amar, 2012] : Theorem 4.2. Let X be a complex manifold equipped with a Borel σ-finite measure dm. Let r > 1 and Ω be a weakly r ′ regular domain in X. Let ω be a (p, q) form in L r (Ω) with compact support in Ω. Suppose:
for 1 ≤ q < n we have∂ω = 0;
The notion of r regularity gives a good control of the support: if the support of the data ω is contained in Ω\C where Ω is a weakly r ′ regular domain and C is a weakly r regular domain, then the support of the solution u is contained in Ω\C ′ , where C ′ is any domain relatively compact in C, provided that q ≥ 2. One may observe that Ω\C is not Stein in general even if Ω is.
Kähler manifold and Kohn laplacian.
A Kähler manifold is a complex manifold X with a Hermitian metric h whose associated 2-form κ is closed. In more detail, h gives a positive definite Hermitian form on the tangent space T x at each point x of X, and the 2-form κ is defined by κ(u, v) := ℜh(iu, v) for tangent vectors u and v (where i is the complex number √ −1 ). For a Kähler manifold X, the Kähler form κ is a real closed (1,1)-form. A Kähler manifold can also be viewed as a Riemannian manifold, with the Riemannian metric g defined by g(u, v) := ℜh(u, v).
On X the (p, q)-forms are defined and so is the∂ operator. The Hodge * operator is also defined, see C. Voisin [Voisin, 2002, Section 5.1.4, p. 121] .
We define the∂ (or Kohn) laplacian, acting from (p, q)-forms to (p, q)-forms as:
Because X is a complex manifold, it is canonically oriented and we also note dm the volume (n, n) form on X.
We can see X as an oriented riemannian manifold of dimension 2n. The main observation is, in the case X is Kählerian, the following theorem [Voisin, 2002, Theoren 6.7, p. 136] . Theorem 5.1. Let (X, ω) be a kählerian manifold. Let ∆, ∆ ∂ , ∆∂ the laplacians associated to d, ∂,∂ respectively. Then we have the relations:
Let us denote H∂ (p,q) (X) the set of (p, q)-forms harmonic with respect to the Kohn laplacian ∆∂, i.e.
h ∈ H∂ (p,q) (X) ⇐⇒ ∆∂h = 0. When X is compact, we know [Voisin, 2002, Corollaire 5.13, p. 121] that H∂ (p,q) (X) ⊂ C ∞ (p,q) (X) and h ∈ H∂ (p,q) (X) ⇐⇒∂h =∂ * h = 0. Then we have: Theorem 5.2. Let (X, κ) be a compact kählerian manifold without boundary. Let ω ∈ L r p,q (X),∂ω = 0. A necessary and sufficient condition to have the existence of a u such that∂u = ω in X as distributions is that ω ⊥ H∂ (p,q) (X).
Proof. Suppose that u exists such that∂u = ω as distributions. Take a h ∈ H∂ (p,q) (X) and compute:
ω, h = ∂ u, h = u,∂ * h = 0 because, X being compact without boundary, h∈ D(X) and ∂ u, h = u,∂ * h . And also h being a harmonic field,∂ * h = 0.
For the converse let us see X as a riemannian manifold. Then by Theorem 5.1 we have that
And if h ∈ Λ p,q (X) and ∆h = 0 then 2∆∂h = ∆h = 0. Then we can apply Theorem 2.1 to get the existence of aṽ ∈ W 2,r p+q (X) such that ∆ṽ = ω. We know that ∆ respects the splitting in (p, q)-forms in Kähler manifolds, so, necessarily, we have thatṽ ∈ W 2,r p,q (X). By use of Theorem 5.1 we get that ∆∂ṽ = 
because X is compact without boundary and we can shift the∂ operator on the right hand side as its formal adjoint. From (5.5)we get∂∂ * v = ω, because∂ * ∂ v = 0. Now we set u :=∂ * v and we get u ∈ W 1,r p,q−1 (X),∂u = ω, because∂ * is a first-order differential operator and v ∈ W 2,r p+q−1 (X). The proof is complete. Now our aim is to prove: Theorem 5.3. Let (X, ω) be a complete kählerian manifold. Let Ω be a relatively compact domain in X. Let ω ∈ L r p,q (Ω),∂ω = 0 in Ω and ω compactly supported in Ω. Suppose moreover that ω ⊥ H 2n−p−q (Ω).
Then there is a u ∈ W 1,r p,q−1 (Ω) with compact support in Ω and such that∂u = ω. Proof. Let us see X as a riemannian manifold, then we can apply Corollary 3.6 to get the existence of ã v ∈ W 2,r p+q (Ω) such that ∆ṽ = ω andṽ compactly supported in Ω. By use of Theorem 5.1 we get that ∆∂ṽ = 
because v being compactly supported in Ω, so is∂v, and we can shift the∂ operator on the right hand side.
From (5.6) we get∂∂ * v = ω, because∂ * ∂ v = 0. Now we set u :=∂ * v and we get u ∈ W 1,r p,q−1 (Ω),∂u = ω, with support in Ω, because∂ * is a first order differential operator and v ∈ W 2,r p+q (Ω) with support in Ω. The proof is complete.
Remark 5.4. 1) In the case of bounded open sets in C n and for the L 2 theory, this idea to use the usual laplacian to get estimates was already done in the nice book by E. Straube [Straube, 2010, Section 2.9] .
2) This method improves the regularity of the solution: from L r,c p,q−1 (Ω) to W 1,r,c p,q−1 (Ω). The price is that ω ⊥ H 2n−p−q (Ω) but there is no condition on Ω.
Then there is a u ∈ W 1,r p,q−1 (C n ) with compact support in Ω and such that∂u = ω.
Proof. We apply Theorem 5.3 with Ω ⊂ X := C n which is kählerian and complete. Then we get u ∈ W 1,r p,q−1 (Ω) such that∂u = ω and u compactly supported in Ω.
In the special case of (p, 1)-forms, we can get rid of the hypothesis ω ⊥ H 2n−p−q (Ω).
Corollary 5.6. Let ω ∈ L r p,1 (C n ),∂ω = 0 with compact support in the relatively compact domain Ω which is weakly r ′ regular. Then there is a u ∈ W 1,r p,0 (C n ) with compact support in Ω and such that∂u = ω.
Proof. Because Ω is weakly r ′ regular, we can apply Theorem 4.2 to get a u ∈ L r p,0 (C n ) with compact support in Ω and such that∂u = ω. Consider the situation with Ω ⊂ X := P n (C) which is kählerian and compact. Because ω and u are compactly supported in C n , they are well defined in P n (C). We have that ω ⊥ H∂ p,1 (X) because u is defined in X and ∀h ∈ H∂ p,1 (X), ω, h = ∂ u, h = u,∂ * h = 0 because h ∈ H∂ p,1 (X) ⇒∂h =∂ * h = 0. Then we apply Theorem 5.2 which gives a v ∈ W 1,r p,0 (X) such that∂v = ω. Because ω is zero outside Ω, we have that v is holomorphic outside Ω. So, because Ω is relatively compact in C n , it is contained in a ball B. Then v being holomorphic outside B, the Hartog phenomenon says that there is a holomorphic function h which extends v inside B. This implies that h is also in W 1,r p,0 (X) and so w := v − h also verifies∂w = ω and has compact support in Ω. Moreover w is still in W 1,r p,0 (X) so in fact w ∈ W 1,r p,0 (Ω). The proof is complete.
Appendix.
For the reader's convenience we shall prove certainly known results on the duality L r − L r ′ for (p, q)-forms in a complex manifold.
Recall we have a pointwise scalar product and a pointwise modulus:
(α, β)dm := α ∧ * β; |α| 2 dm := α ∧ * α. By the Cauchy-Schwarz inequality for scalar product we get: ∀x ∈ X, |(α, β)(x)| ≤ |α(x)| |β(x)| . Proof. We choose β := α |α| r−2 , then: 
A fortiori for any choice of β:
To prove the other direction, we use the Hölder inequalities, Lemma 6.1:
The proof is complete. .
By use of Lemma 6.2 we get L = * u L r ′ p,q (Ω) = u L r ′ n−p,n−q (Ω) . So we have L n−p,n−q (Ω) with the same norm. The proof is complete.
